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Using molecular dynamic simulations, we have studied the flow down a rough inclined plane of a bidisperse
assembly of frictional cohesionless disks, characterized by the size ratio and the proportion of large grains. We
have restricted our study to steady uniform flows, once a stable segregation has developed inside the flowing
layer. The material is segregated in three layers : a basal layer made of small grains, a superficial layer made
of large grains, and a mixed layer in the center. In a certain range of parameters of the mixture, this structure
leads to a localization of the shear near the rough bed. Moreover, like for slightly polydisperse assemblies, we
measure an approximately linear increase of the effective friction as a function of the ratio of the Froude number
and the height of the flowing layer. We compare those results with the prediction of a simple two-layer model.

1 INTRODUCTION

Recent experimental and numerical studies have
improved the understanding of quasi-monodisperse
granular flows down rough slopes (Pouliquen &
Chevoir 2002; GDR MIDI 2004; da Cruz et al. 2005).
The friction law has been deduced from the measure-
ment of the velocity as a function of inclination and
height in steady flows (Pouliquen & Chevoir 2002).
The use of this friction law within Saint-Venant ap-
proach makes it possible to simulate large scale gran-
ular flows (Pouliquen & Forterre 2002; Naaim et al.
2004; Mangeney et al. 2003).

But natural gravity flows - snow
avalanches (Bouchet et al. 2003), rock falls, py-
roclastic flows (Felix & Thomas 2004) - are usually
made of grains of various sizes. This polydispersity
leads to segregation effect during the flows (Hirshfeld
& Rapaport 1997; Berton et al. 2003), but the con-
sequences on the rheological laws are not very well
known yet (Goujon 2004). This has motivated our
discrete numerical study (using molecular dynamics
method) of the simple case of bidisperse granular
flows down a rough inclined plane. We shall first
identify the parameters describing the simulated
system, and then show how the segregation affects
the velocity profiles and the friction law.

2 SIMULATED SYSTEM

The system is two-dimensional. The granular mate-
rial is a bi-disperse assembly of500 to 1000 disks of
the same mass densityρp: ns small disks of average
diameterds andnl large disks of average diameterdl

(with a small polydispersity (±20%) around each av-
erage diameter). This mixture is characterized by the
size ratioDr = dl/ds and the areal proportion of large
grainsSr = (ngdg

2)/(ngdg
2 + nsds

2). We have stud-
ied the following mixtures :Dr = {2; 3; 4; 6; 8} and
Sr = {1/4; 1/2; 3/4}.

The flows are simulated by standard molecular
dynamics method adapted to visco-elastic frictional
grains (Roux & Chevoir 2005). The simulations were
done with a friction coefficient0.4, a coefficient
of normal restitution0.1, and in the limit of rigid
grains (the relative deformation of the grains remain
smaller than10−3). Consequently, the gravity time
scale

√
ds/g is much larger than the collision time.

A dense layer of heightH flows down a rough
inclined plane (inclinationθ) under the influence of
gravity g (Fig. 1). Periodic boundary conditions are
applied along the flow directionx. The roughness is
made of contiguous grains sharing the characteristics
of the small flowing grains.
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Figure 1. Bidisperse granular flow down a rough inclined plane
(Dr = 4, Sr = 3/4, θ = 17o,H = 28ds).

3 STEADY FLOWS
In the following, we focus on the steady flows which
are possible in a range(θ;H) which depends on the
mixture. Averaging over time and space (alongx),
we measure the profiles of solid fraction, velocity and
stress tensor along the transverse directiony.

3.1 Structure

The solid fraction profilesν(y) are approximately
constant, with an average solid fractionν around0.8
(which very slightly depends on the composition of
the mixture). The grains are organized in three layers
(Fig. 1): a layer of small grains near the rough bed, a
layer of large grains near the free surface and a mixed
layer at the center. This segregated state is stable in
time and independent of the initial arrangement of the
grains. We observe that the normal stress components
are equal. Consistently with momentum conservation,
the pressure verifyP (y) = ρpνg cos θ(H − y) and the
shear stressS(y) = ρpνg sin θ(H − y).

3.2 Velocity profiles

Fig. 2 shows the influence of the polydispersity
on the velocity profilevx(y). If the granular mate-
rial is quasi-monodisperse, the velocity profile has a
Bagnold-type shape (Silbert et al. 2001; Prochnow
2002), which means that the shear rateγ̇(y) is pro-
portional to

√
P (y). We systematically observe a de-

crease of the shear rate in the upper part of the flow
asSr or Dr increases. Moreover, for a large enough
proportion of large grains (Sr ≥ 3/4) and for a large
enough size ratio (Dr ≥ 3), we also observe a strong
increase of the shear rate near the bed.
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Figure 2. Velocity profiles (θ = 17o,H = 28ds, Dr = 4) Sr = 0
(- -), 1/4 (...), 1/2 (− · −), 3/4 (—).

3.3 Discussion
We now try to relate this localization of the shear to
the segregation of the granular material. The study
of steady homogeneous shear flows of assemblies
of quasi-monodisperse grains of average diameterd,
with prescribed pressureP and shear ratėγ, has
shown that the shear state is controlled by a single
dimensionless number, called inertial number,I =
γ̇d

√
ρp/P (da Cruz et al. 2005). The effective fric-

tion coefficientµ∗ = S/P increases approximately
linearly with I, starting from the internal friction in
the critical statetanφ ' φ :

µ∗ ' φ + bI. (1)

We use this “friction law” to discuss the profile of
shear rate for a steady dense flow down a rough in-
clined plane. Thenµ∗ is equal totan θ ' θ, and this
gives rise to the Bagnold scaling :

γ̇(y) '
√

νg(θ− φ)

bd

√
H − y (2)

Then, for given inclinationθ and heightH, the
shear rate should decrease as the inverse of the di-
ameter of the grains. The ratioΓ of shear rates in two
layers made of small or large grains should be equal
to the inverse of the size ratio :

Γ =
γ̇l

γ̇s

=
ds

dl

= D−1
r (3)

Let us now consider a simplified two-layer picture
of bidisperse flows, where the segregation is com-
plete: the flow is made of a layer of small grains
near the bed (width(1− Sr)H), and a layer of large
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grains near the free surface (widthSrH). Then, in
comparison with a monodisperse flow of small grains
(Sr = 0), the ratioΓ should be equal to1 in the lower
layer and to1/Dr in the upper layer. This prediction
for Γ(y) is compared with the measurement in Fig. 3
for Dr = 4 and two values ofSr (1/2 and3/4). For
Sr = 1/2, the model is correct for the upper and lower
layers (y ≥ 0.75H andy ≤ 0.1H) made of one type
of grains. But the mixed layer at the centre is not well
represented. ForSr = 3/4, the model is correct for the
upper layer (y ≥ 0.75H) made of large grains only,
but the increase of the shear rate near the roughness is
not described. We think that this sliding is the conse-
quence of a less efficient trapping of the large grains
by the roughness (Goujon et al. 2003). This sliding
should increase with the size ratio and the proportion
of large grains.
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Figure 3. Comparison of shear rates (θ = 17o, H = 28ds, Dr =
4). (a)Sr = 1/2, (b)Sr = 3/4. Measurement (line), model(dot).

4 FRICTION LAW
For the flow of a bidisperse granular mixture down a
rough inclined plane, the local inertial number previ-

ously defined may vary within the flowing layer. Then
we rather define a global inertial number, from the av-
erage shear ratevx(H)/H and the pressure at the bed
P (0) (da Cruz et al. 2005) :

Ig =
vx(H)

H
d

√
ρp

P (0)
. (4)

This is equivalent to the parameterFr/(H/d)
introduced by Pouliquen (1999), whereFr =
vx(H)/

√
gH is the Froude number. In the case of a

monodisperse granular flow, the assumption of a con-
stantI profile (see however (da Cruz et al. 2005)),
leads toIg = 2I/3. Then, introducingB = 3b/2, the
friction law is :

µ∗ ' φ + BIg. (5)

4.1 Measurements

For each bidispere mixture, we change the inclination
θ of the rough plane slowly enough that the flow can
be considered steady at each time step. Then we mea-
sure, as a function ofθ ' µ∗, the heightH and the
surface velocityvx(H), from which we calculateIg.
This gives access to the friction law of the bidisperse
mixture. The figure 4 shows that the curves measured
for variousH collapse forH ≥ 10ds. The friction law
is similar to Eqn. (5) for monodisperse granular flows.
Contrarily to the slopeB, the internal friction angleφ
depends on the composition of the bidisperse mixture,
as shown on Fig. 5. ForSr ≤ 1/4, the size ratio has
no influence. But forSr ≥ 1/2, φ decreases whenDr

increases.
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Figure 4. Friction law (Dr = 3, Sr = 1/2), H/ds =
10 (¥), 20 (4), 30 (◦).
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Figure 5.φ(Dr;Sr) Sr = 0 (×), Sr = 1/4(¤), 1/2(♦), 3/4(◦).

4.2 Discussion

The previous two-layer model predicts the same lin-
ear increase of the effective friction as a function of
the global inertial number:

µ∗ ' φ + B(Sr,Dr)Ig, (6)

with a strong influence of the composition of the
bidisperse mixture on the slope :

B(Sr,Dr) =
B

(1− Sr)3/2 + S
3/2
r /Dr

, (7)

but no influence on the internal frictionφ, contrarily
to the measurement. This reveals that the rheology of
the mixed layer and, most of all, the interaction of the
mixture with the roughness (Goujon et al. 2003) have
a strong influence on the global rheology.

5 CONCLUSION
Using molecular dynamics simulations, we have iden-
tified the influence of large grains on bidisperse gran-
ular flows down a rough inclined plane. The material
is segregated in three layers : a basal layer made of
small grains, a superficial layer made of large grains,
and a mixed layer in the center. Large grains decrease
the shear rate in the upper layer but favors sliding at
the bed. The dependency of the friction coefficient as
a function of the global inertial number has been mea-
sured. The internal friction depends on the composi-
tion of the bidisperse mixture. We have integrated the
local rheology in a simple two layer model where the
material is completely segregated. The model explain
the decrease of the shear rate in the upper layer, and
predicts qualitatively the friction law. But discrepen-
cies with the measurements indicate the strong inter-

action of the bidisperse flow with the small grains
roughness.
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